This study used a mathematical model to examine the effects of the sled, the running surface, and the athlete on sprint time when towing a weighted sled. Simulations showed that ratio scaling is an appropriate method of normalising the weight of the sled for athletes of different body size. The relationship between sprint time and the weight of the sled was almost linear, as long as the sled was not excessively heavy. The athlete's sprint time and rate of increase in sprint time were greater on running surfaces with a greater coefficient of friction, and on any given running surface an athlete with a greater power-to-weight ratio had a lower rate of increase in sprint time. The angle of the tow cord did not have a substantial effect on an athlete's sprint time. This greater understanding should help coaches set the training intensity experienced by an athlete when performing a sled-towing exercise.
4 friction of the running surface. Some practitioners suspect that the effect of the cord angle on the sprint time of the athlete is relatively small, but little quantitative data on this factor are currently available. Also, the relationship between the rate of increase in sprint time with increasing sled weight and the distance over which the athlete is timed in the sled-towing exercise is not currently known.
When training with sled-towing exercises, many coaches normalise the weight of the sled to the athlete's body size by loading the sled to a certain percentage of the athlete's body weight [1, 7] . However, some studies have found that even when the sled weight is scaled for body weight in this way, athletes can still have substantial differences in their rate of increase in sprint time with increasing sled weight [16, 18] . Therefore, it is not clear that ratio scaling, where the sled weight is set as a percentage of the athlete's body weight, is the most appropriate method of normalising a sled-towing exercise. Also, results from the study by Martinez-Valencia and colleagues [18] suggest that inter-athlete differences in the rate of increase in sprint time might be due to differences in the athlete's power-to-weight ratio.
Therefore, coaches could benefit from knowledge of the strength of the relationship between the rate of increase in sprint time and the athlete's power-to-weight ratio.
The preceding discussion highlights some of the limits to our understanding of the factors that affect the athlete's sprint time in a sled-towing exercise. A promising avenue for addressing this shortfall is through a mathematical modelling study. Several investigators have presented models of sprinting which were based on the muscular power generated by the athlete and the resistive forces acting on the athlete [2, 3, [24] [25] [26] . In the study presented here, a mathematical model of sprinting was modified by including the frictional force of the sled as an additional term. A systematic study was then conducted of the effects of the weight of the sled, the coefficient of friction of the running surface, the angle of the tow cord, the athlete's body weight, and the athlete's power-to-weight ratio on the athlete's velocity profile and sprint time. The aim was to quantify the form and magnitude of the relationships between these variables and the athlete's sprint time. The predictions from this model were expected to be consistent with existing empirical data from studies of sled-towing exercises.
Methods
A mathematical model of sled towing was developed that considered the muscular power generated by the athlete and the resistive forces acting on the athlete-sled system [2, 3, [24] [25] [26] [27] . In this model, the energy required for sprinting is released by chemical conversion in the athlete's muscles. The energy passes through a variety of intermediate stages (including the mechanical work of the muscles, strain energy in the muscles and tendons, and kinetic and potential energy of the limbs and centre of mass), but is ultimately degraded to heat or is accounted for by the external work expended on the centre of mass of the athlete-sled system. The power balance equation for the athlete-sled system is η P muscle -P heat = P ext ,
where P muscle is the power released by chemical conversion in the athlete's muscles, P heat is the mechanical power that is degraded to heat, P ext is the external power expended on the centre of mass of the athlete-sled system, and η is the efficiency of converting metabolic energy to external work [3, 23] .
The power generated by chemical conversion in the athlete's muscles is the sum of the contributions from anaerobic and aerobic metabolism:
where P anamax is the maximum power available from anaerobic metabolism, P aermax is the steady-state maximum power available from aerobic metabolism, τ ana is the time constant for the release of anaerobic energy, and τ aer is the time constant for the release of aerobic energy [2, 3, 24, 27] . Equation 2 expresses the finding that in running the power released by anaerobic metabolism decreases rapidly with time from an initial maximum value, and that the power released by aerobic metabolism slowly increases with time towards a maximum value. In a short-duration sled-towing exercise over 20-50 m, the power generated by the athlete's muscles is expected to be mostly produced through anaerobic metabolism.
A large fraction of the power generated by the athlete's muscles is dissipated as heat.
In sprinting, the mechanical power degraded into heat is proportional to the athlete's running velocity, v, and so may be expressed as
where A is the rate of degradation of mechanical energy into heat [4] .
In a sled-towing exercise the athlete must overcome the inertia of the athlete-sled system, the friction force acting on the base of the sled, and the aerodynamic drag forces acting on the athlete and sled. The rate of performing external work on the centre of mass of the athlete-sled system is then given by
where P inertia is the power expended in overcoming the inertia of the athlete-sled system, P friction is the power expended in overcoming the friction force acting on the sled, and P drag is the power expended in overcoming aerodynamic drag [2, 24] . The kinetic energy of the athlete-sled system is given by KE = ½(m+m s )v 2 , where m is the mass of the athlete, m s is the mass of the sled, and v is the velocity of the centre of mass of the athlete-sled system. The rate of change of the kinetic energy of the athlete-sled system (i.e., the power expended in overcoming the inertia of the athlete-sled system, P inertia ) is then d(KE)/dt = (m+m s )v(dv/dt).
The power expended in overcoming the sled friction and aerodynamic drag is given by the product of the force and the velocity of the athlete-sled system. Equation 4 then becomes
where F friction is the friction force that acts on the base of the sled and F drag is the aerodynamic drag force acting on the athlete-sled system.
The friction force that acts on the base of the sled is given by F friction = µN, where µ is the coefficient of sliding friction for the sled and running surface and N is the normal reaction force acting on the sled [10, 21] . The normal reaction force of the sled is not necessarily equal to the weight of the sled (m s g). If the cord joining the sled to the athlete makes an upwards angle θ to the horizontal, the sled will experience an upwards pulling force that reduces the normal reaction force. Applying Newton's second law to the forces acting on the sled in the horizontal and vertical directions as it is being towed by an athlete gives Fcosθ -
where F is force exerted by the athlete on the sled, m s is the mass of the sled, a is the horizontal acceleration of the sled, and g is the acceleration due to gravity (9.81 m/s 2 ). Eliminating F and N from these three equations gives an expression for the friction force acting on the sled in terms of the angle of the tow cord;
The total aerodynamic drag force acting on the athlete and sled system can be considered as the sum of the aerodynamic drag forces acting on the athlete and on the sled [12] ;
where ρ is the air density, S and C D are the frontal area and drag coefficient of the athlete, S s and C Ds are the frontal area and drag coefficient of the sled, and v is the relative velocity of the athlete and the air. In this model it is assumed that the athlete is sprinting in still air (i.e., no wind).
The power required to perform an athletic movement is affected by the efficiency of converting metabolic energy to external work [23] . At the start of a sled-towing exercise the efficiency of running is assumed to be about η = 0.25, which is the usual efficiency of a concentric muscle contraction. In this model the efficiency increases linearly with velocity as the sprinting action becomes enhanced by storage and recoil of elastic energy in the athlete's muscles and tendons, eventually reaching a value of about η = 0.5 when sprinting at maximum velocity [3] . Therefore, the efficiency of converting metabolic energy to external work during a sprint is given by
where v max is the athlete's maximum unloaded running velocity, η o is the efficiency at zero velocity, and η max is the efficiency at maximum velocity.
Combining equations 1-8 gives the equation of motion of the athlete-sled system;
where dx/dt and d 2 x/dt 2 are the first (velocity) and second (acceleration) derivatives of position with respect to time. In this study the maximum power available from anaerobic and aerobic metabolism and the rate of degradation of mechanical energy into heat were normalised with respect to the athlete's body mass (i.e., P anamax /m, P aermax /m, and A/m) [3, 23] . The mathematical model presented here produced realistic simulations of a short sprint without a sled. In the sprint simulations the athlete accelerated quickly from rest, reached a maximum running velocity after several seconds, and then slowly decelerated as the power generated by the athlete decreased. As expected, an athlete with a greater normalised anaerobic power (P anamax /m) had a greater acceleration and a higher top speed. The simulations of sprinting without a sled were in good agreement with published sprint time data for elite sprinters and rugby players ( Figure 1 ). By selecting values of P anamax /m, the model gave a good fit to the velocity profiles of elite male and female 100-m sprinters at the 1997 World Championships in Athletics [14] . The fitted values were P anamax /m = 90-86 W/kg for the top six male sprinters and P anamax /m = 77-74 W/kg for the top six female sprinters. These values are similar to those obtained by Arsac and Locatelli [3] . The model also gave a good fit to the average velocity profile of 60-m sprints by elite male rugby union players presented by Duthie and colleagues [9] . 
Results
As expected, a greater sled mass produced a less rapid acceleration and a slower maximum velocity ( Figure 2a) . Most of the effect of the mass of the sled was due to the friction force between the sled and the running surface, rather than due to the inertia of the sled (Figure 2b ).
[Insert Figure As expected, the coefficient of friction of the running surface produced a strong effect on the athlete's running velocity and sprint time. For any given sled mass, a greater coefficient of friction resulted in a slightly reduced rate of acceleration and a slower maximum velocity (Figure 3a) . At any given distance, the relationship between the decrease in maximum velocity and the coefficient of friction was nearly linear. Patterns similar to that presented in Figure 3a were evident for any given sled mass.
[Insert Figure 3 about here] [Insert Figure 4 about here]
As expected, the athlete's sprint time was strongly affected by the athlete's normalised maximum anaerobic power (P anamax /m). For any given sled mass, a greater anaerobic power resulted in a greater acceleration and a faster maximum velocity (Figure 3b ). Patterns similar to that presented in Figure 3b were evident for any given sled mass, but with the maximum velocity achieved by the athlete becoming less as the sled mass was increased.
The greater the athlete's anaerobic power, the faster the athlete's 30-m sprint time Figure 5 ). Patterns similar to that presented in Figure 5 were also evident at distances of 10 m and 20 m, with the effect of the coefficient of friction becoming greater when sprinting over a longer distance.
[Insert Figure 5 about here]
As was mentioned previously, the magnitude of the effects of the sled mass, the coefficient of friction, and the athlete's anaerobic power on the athlete's sprint time depended on the sprint distance (e.g., 10, 20, and 30 m). The model indicated a near-linear relationship between the athlete's rate of increase in sprint time and the sprint distance, and at any given distance the rate of increase in sprint time was substantially greater for an athlete with a lower anaerobic power ( Figure 6 ).
[Insert Figure 6 about here]
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The mathematical model of sled towing showed that an athlete's velocity profile and sprint time are strongly influenced by the mass of the sled, the coefficient of friction of the running surface, and the athlete's maximum anaerobic power (Figures 2, 3 , and 4). The model showed that an athlete's sprint time increases almost linearly with increasing sled mass, as long as the mass of the sled is not excessive (Figure 4b) . A greater coefficient of friction produces a greater rate of increase in sprint time with increasing sled mass ( Figure 5 ), as does conducting the sled-towing exercise over a greater distance ( Figure 6 ). On any given running surface the rate of increase in sprint time with increasing sled mass depends strongly on the athlete's normalised maximum anaerobic power (Figure 4b ). However, the angle of the tow cord does not have a substantial effect on an athlete's sprint time (Figure 4c ).
Scaling of sled mass
When using sled-towing exercises, many coaches set the mass of the sled to a percentage of the athlete's body mass (i.e., ratio scaling) so as to account for differences in body size. The findings from the present study support this practice. When the sled mass was normalised to the athlete's body mass, the athlete's velocity profile and the relationship between sprint time and sled mass were essentially independent of the athlete's body mass. We can see how this result arose by re-writing the equation of motion (Equation 9) to give an expression for the acceleration of the athlete-sled system;
Here, the sled-towing model has been simplified slightly by ignoring the effects of In the preceding discussion it was assumed that the athlete's maximum anaerobic power (P anamax ), maximum aerobic power (P aermax ), and rate of degradation of mechanical energy into heat (A) should be normalised by dividing by the athlete's body mass. That is, it was assumed that unloaded sprint time is independent of body mass. However, there are sound theoretical arguments and considerable empirical data to support the independence of sprint time and body mass [6, 13, 17] . In the preceding discussion it was also assumed that the metabolism time constants (τ ana and τ aer ) and the variables in the efficiency equation (v max , η o , and η max ) do not depend on the athlete's body mass. However, the effects of these variables on sprint time are relatively small and so any body mass dependence of these variables is not likely to produce a noticeable effect in a sled-towing exercise.
Comparison to empirical data
Empirical data from previous studies of sled-towing exercises support some of the results obtained with the mathematical model. The results from the mathematical model indicate that an athlete's sprint time (over a given distance) should increase almost linearly with increasing sled mass (Figure 4 ). Linthorne and Cooper [16] examined the effect of sled mass The results from the mathematical model indicate that the rate of increase in sprint time (with increasing sled mass) should steadily increase as the sprint distance is increased ( Figure   6 ). In the study by Murray and colleagues [20] , the mean rate of increase in sprint time at 20 m (2.8 s per body mass) was double that at 10 m (1.4 s per body mass), which is in good agreement with the ratio obtained from the mathematical model. Unfortunately, Murray and colleagues did not report the coefficient of friction for the sled-surface combination that was used in their study, and so the magnitudes of the rates of increase in sprint time cannot be readily compared to those of the model.
The results from the mathematical model indicate that an athlete's rate of increase in sprint time (with increasing sled mass) should steadily increase as the coefficient of friction of the running surface is increased (Figure 4a) . In a study of sports surfaces by Linthorne and
Cooper [16] , the mean rate of increase in 30-m sprint time for a Rekortan athletics track (4.6 s per body mass) and an artificial grass hockey pitch (1.9 s per body mass) were consistent with the coefficients of friction of the two surfaces (µ = 0.58 and µ = 0.21).
The results from the mathematical model indicate that in a study of sled towing (with a load at a constant percentage of body mass), we would expect to see substantial inter-athlete differences in the rate of increase in sprint times due to differences in the athlete's normalised upward-angled tow cord will also produce a downward force on the athlete. This downward force might produce an effect on the athlete that is similar to that of a weight belt, and hence further reduce the athlete's sprint time [8] .
The mathematical model of a sled-towing exercise presented here could be evaluated in greater detail through obtaining an extensive set of verification data. For example, the model predictions of the shape of the athlete's velocity profile and the effects of changes in sled mass, coefficient of friction, and the athlete's anaerobic power on this profile could be compared to such data (Figures 2, 3 , and 4). To evaluate these aspects of the model, velocity profile data during a sled-towing exercise could be obtained with a laser gun or radar gun [14] . Analysis of the velocity profile of an unloaded sprint would allow the athlete's maximum anaerobic power (P anamax /m) to be estimated, and this value would be useful in evaluating the effects of inter-athlete differences in anaerobic power on the velocity profile in a sled-towing exercise.
Conclusion
This study used a mathematical model of sled towing that included the anaerobic and aerobic muscular power generated by the athlete and the resistive friction force that acts on the base of the sled. Simulations with the model confirmed that ratio scaling, where the sled weight is set as a percentage of the athlete's body weight, is an appropriate method of normalisation for a sled-towing exercise. For the most common values of sled and athlete variables there was an almost linear increase in the athlete's sprint time as the weight of the sled was increased.
The rate of increase in sprint time with increasing sled weight was greater as the distance of the sled-towing exercise was increased. On running surfaces with a greater coefficient of friction the athlete's sprint time and rate of increase in sprint time were greater, and on any given running surface an athlete with a greater power-to-weight ratio had a lower rate of increase in sprint time. The angle of the tow cord did not have a substantial effect on an athlete's sprint time. This greater understanding could help coaches set the training intensity experienced by their athletes and so help produce a greater gain from the time spent training. These results indicate that we should expect to see greater inter-athlete differences in the rate of increase in sprint times when timing athletes over a longer distance
